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Two-to-One Resonances near the Equilateral Libration Points
ALT HASAN NAYFEH*

Aerotherm Corp., Mountain View, Calif.

An analysis is performed for the nonlinear motion of a particle near the equilateral points
in the restricted problem of three bodies for the case fJL « /i2, i.e., cr = o?i — 2co2 ~ 0 (wi and o>2
are the frequencies of the two modes of oscillation of the linearized equations). The analysis
is carried out to second order in amplitude using both the method of multiple scales and a
method of averaging. It is found that the results of both methods are in full agreement.
Also, it is found that long period orbits are given by [2(co2)1/2^i — p]2 + C0i^22 = p2 where AI and
Az are the amplitudes of the two modes of oscillation and p = a sinmr/2/4C(co2)1/2, n = — 1 and
1, where C is a positive known function of the mass ratio of the two primaries. The results
show that these long period orbits are stable only if \A\ < |cr| 12Cc02. Short period orbits are
found to be unstable, in the sense that if they are subjected to small disturbances the resultant
motions are no longer short period orbits. At /i = /z2, all motions near L4 are found to be un-
stable. The time variation of the amplitude of an aperiodic motion is presented in terms of
elliptic functions.

I. Introduction

IN the two-dimensional restricted problem of three bodies,
two of the three bodies have finite masses (primaries) and

the third has a negligible mass. The primaries are repre-
sented by point masses revolving in circular orbits about their
common mass center uninfluenced by the third body. The
motion of this third body is governed by the primaries, and
remains in their plane of motion.

In a coordinate system rotating with the primaries, La-
grange1-2 showed that there are five equilibrium points—
three are colinear with the primaries (Zi, L2, and Z/s) and the
other two are at the apexes of two equilateral triangles (Z/4 and
L5) whose other vertices are at the primaries. A linear
analysis of the motion around these points shows that the
first three are unstable for all JJL [ju = mi/ (m\ + m2), m\ and m2
are the masses of the two primaries]. On the other hand, the
linear analysis shows that L4 and L5 are unstable if /z < ju =
[1 - (69)1/2/9]/2. Below /Z, the motion is stable and can be
represented as the superposition of two oscillatory modes with
circular frequencies coi and w2. The value ju is referred to as
the critical mass ratio because it separates stable from un-
stable triangular points.

Leontivac3 proved that L4 and L5 are stable in the sense of
Kolmogorov-Arnold-Moser for all ju < jil except on a set of
measure zero. Deprit and Deprit-Bartholome4 proved that
the exceptional set contains at most four values of M including
M2 = 0.024295 and MS = 0.013516. Markeev5 proved insta-
bility of L4 and L5 at ^2 and /is-

Nayfeh and Kamel6 analyzed the nonlinear motion of a par-
ticle near L4 and L5 for /z ~ ju3 using Lie transforms7-8 and the
method of multiple scales.9-10 The results of both methods
are found to be in full agreement with each other.

The purpose of the present paper is to study the nonlinear
motion of a particle near L4 and L5 for ju « jU2- The analysis
is carried out using both the method of multiple scales and a
method of averaging. The results of both methods are found
to be also in full agreement with each other.

Subsequent to the submittal of the present paper, the
author learned about two recent studies by Henrard11 and
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Alfriend12 concerning the case JJL « /i2. Henrard attacked this
problem by normalization of the Hamiltonian in a manner
somewhat analogous to the analysis of Ref. 13; while Alfriend
employed the methods of multiple scales. Alfriend neither
analyzes the family of long period orbits and their stability,
nor the general stability of nonperiodic orbits.

II. Problem Formulation

In the restricted problem of three bodies, two of these
bodies have finite masses (mi and m2) and revolve around one
another in circular orbits with frequency n \n = [G(mi +
m2)/D3]1/2, G is the Newtonian gravitational constant and D
is the mean distance between the finite masses}. The third
body has an infinitesimal mass and moves in the field of the
finite masses without affecting their motion. To analyze the
motion of the infinitesimal mass, a Cartesian coordinate sys-
tem rotating with the finite masses and centered at their cen-
ter of mass is introduced such that they lie along the x axis.
If distances and time are made dimensionless using the char-
acteristic length D and characteristic frequency n, the equa-
tions of motion of the infinitesimal mass are2

-F =

<= (x - (2. Id)
where dots denote differentiation with respect to time, x± =
— ju and x% = I — ju- There are five positions of equilibrium
for the infinitesimal mass. They are given by the equation1-2

V7 = 0 (2.2)

Three of these equilibrium points (Li, L2, and L3) lie along the
x axis and are unstable. The other two points (L4 and I/4)
form equilateral triangles in the x-y plane with the two finite
masses.

To investigate the stability of L4 (the same results hold for
L5), the body is displaced to

(2.3)= (I - 2M)/2 y

The right-hand sides of Eqs. (2. la) and (2.1b) are expanded
in Taylor series keeping up to second-order terms in x and y.
The resulting equations are

x -2y - (2.4a)
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- 9y/4 = - (2.4b)y + 2x -
#d) = 3(3)1/2^2 +

(2.4c)

where 77 = 3(3)1/2(1 — 2/z)/4, and the subscripts x and y de-
note partial derivatives. These equations are appropriate
for the application of the method of multiple scales, but the
corresponding Hamiltonian is more appropriate for applica-
tions of the method of averaging. If the conjugate momenta
px and py are defined by

(2.5a)

(2.5b)

- yxy
(2.5c)

The equations of motion Eq. (2.4) can be written in terms of
H as

Px = x — y,pv = y + x
then the Hamiltonian corresponding to Eq. (2.4) is

H = ff«» + jff(i)

where

(p*2 + py*)/2 + (ypx - xPy) + (z2 - 52/2)

x = HP = —Hx

(2.6b)
If the nonlinear terms #(1) are neglected, the solution of

the resulting equations (corresponding to #(0)) can be obtained
by assuming that x and y are proportional to exp(icot) where

CH) - i* = (2.7)
The four roots of this equation depend on the value of /x. If
0 < M < M = i[l - (69)1/2/9], the four roots (±o>i and ±co2)
are real, and hence the equilibrium of a particle at L4 is stable.
On the other hand, if /* > #, the equilibrium is unstable. In
the stable case the solution can be written in the form13'14

= [J]
— A?,

where

If we let

Then,

2, Bl =

(2.8a)

- ft) (2.8b)

- 45/81"1/2 (2.8c)

—feco2(co2
2

f) - [foMJ (C02
2 + f )*

- co2
2)_

Here, ft, ft, cti, and a2 are the constants of integration. Sub-
sitution of (2.8a) into #(0) leads to

#(o) = ai _ a2 (2.9)

Hence, -Bi/coi, — .#2/co2 are the coordinates and the a*'s are
the conjugate momenta of a canonical set. Moreover, the
quantities ai and ft form a canonical set with respect to a
transformed Hamiltonian #(0) = 0.

Since nonlinear terms are neglected, the previous solution is
valid only for very small amplitudes AI and A2. Any attempt
to extend the aforementioned results to larger amplitudes by a
straightforward perturbation or by iteration will fail when-

ever two integers n and m can be found such that noji + mco2
is zero or near zero due to the appearance of secular terms or
small divisors. In these cases, alternative methods such as
the method of multiple scales9-10 and Hamiltonian methods
with suitable canonical transformations7'8'15 should be used.
In Sees. 3 and 4, respectively, the methods of multiple scales
and averaging are employed to study the stability of L4 and
/J5 for small <r = coi — 2co2, i.e., (JL ~ ju2.

III. Method of Multiple Scales

A perturbation solution for finite but small amplitudes is
obtained in this section using the method of multiple scales.
According to this method, x and y are assumed to be functions
of two independent time scales — a fast time TO = t, and a
slow time 7\ = et, where e is a small parameter of the order
of the amplitude of the first-order solution. To second-order
terms in e, x and y are assumed to possess the following uni-
formly valid expansions for all times

x(t;e) = eciCZW + e Wi) + 0(e3) (3.1)

y(t;e) = yi(T0,Ti) + eW^i) + 0(e3) (3.2)
The time derivative becomes

d/dt = Do + eDi + . . . , Dn = <>/<)Tn (3.3)
Substituting Eqs. (3.1-3.3) into Eqs. (2.4), expanding, and

equating coefficients of equal powers of e on both sides lead to :
Order e

Mi(xi,yi) = - 2D0yi - 3&i/4 - = 0

= 0

Order e2

= 7(3)1/277o;1
2/12 -

9(3)1/2
2/1

2/16 -

(3.4)

(3.5)

(3.6)

(3.7)

where the operators MI and M2 are defined by Eqs. (3.4) and
(3.5).

The general solution of Eqs. (3.4) and (3.5) is given by (2.8)
if Ai and ft are considered functions of the slow time 7\ rather
than being constants. These arbitrary functions will be de-
termined in the course of analysis. If Ai is small then e can
be used only to keep track of the ordering, and will be equated
to one in the final solution.

Substitution of Eqs. (2.8) into the right-hand sides of Eqs.
(3.6) and (3.7) gives

2

= X) (p

(P21 si

nonsecular producing terms (3.8a)

Q2i

nonsecular producing terms (3.8b)

where the P's and Q's are given in Appendix A. They are
functions of y (y = vT0 + o>ift + 2co2/32) only, which can be
considered a function of TI if the detuning a (a = coi — 2w2)
is small. In this case, the particular solution of Eqs. (3.8a)
and (3.8b) contains secular terms with respect to the time
scale TO which make #2 and y% unbounded as T0 -> oo ; that is
as t -> oo . Hence x% and ?/2 will dominate x\ and 3/1, and the
expansion will break down for large t unless the secular terms
are eliminated.

One can determine the conditions which must be satisfied
for there to be no secular terms by obtaining the particular
solutions and then setting the coefficients of the secular terms
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equal to zero. A simpler method to determine these condi-
tions proceeds as follows. Let

£2 = 0, 2/2 = en i + bi (3.9)
Substitution of these expressions into Eqs. (3.8a) and (3.8b),
and equating the coefficients of cos£* and sin£; on both sides
lead to

2ut-0i - rjbi = Pu (3.10a)
-2ui,bi - Tjdi = Qu (3.10b)
-(u;2 + i)di = Q2i (3.1QC)
-(co;2 + £)&< = P2i (3.10d)

Elimination of a4- and bi from the above four equations yields
the required conditions as

{ = 1 and 2.
Substituting for the P's and Q's from Appendix A and solv-

ing the resulting equations for A/ and Bi' lead to

Aif = o>iCA2
2 0087

A2' = 2co2CAiA2 cos7
Ai/Si' = -CA2

2 shi7
/V = -2CAl sin7

(3.12)
(3.13)
(3.14)
(3.15)

Primes denote differentiation with respect to TI, and C and 7
are given in Appendix B. Equations (3.12-3.16) can be
shown to correspond to Eqs. (32a-32d) of Alfriend12 by
changing his variables to ours or vice versa. Since 7' = a
+ o>ij8i' + 2602ft', Eqs. (3.14) and (3.15) can be combined into

(3.16)

Integrals of Motion

Elimination of 7 from Eqs. (3.12) and (3.13), and integra-
tion of the resulting equation yield

2co2Ai2 = coiA2
2 + vi (3-17)

where v\ is a constant of integration. To determine a second
integral, let

z = Ccoi sin7 (3.18)

Elimination of 7 and t from Eqs. (3.12, 3.16 and 3.18) gives

= Aia- (3.19)
Since <2u2AldAl = a>iAzdAz from Eq. (3.17), the solution of
Eq. (3.19) is

AiV/2 - zAiA? = vi (3.20)
where v% is another constant of integration.

Periodic Orbits and Their Stability

Before considering long period orbits (L40, let us consider
short period orbits (L/). Equations (3.12-3.15) admit sta-
tionary solutions corresponding to L4

S (i.e., A2 = 0 and AI =
a — a const) with a constant period independent of the
amplitude a to second order (i.e., r = 2?r/wi). However,
Eqs. (3.12-3.15) show that any small disturbance applied to
an L4

S orbit results in an aperiodic, though stable, orbit.
Thus, in this sense, the family L4

S is unstable.
Long period orbits to second order correspond to the sta-

tionary solutions of Eqs. (3.12, 3.13, and 3.16). They are
given by

cos7o = 0 or 70 = nir/2

with n an odd integer, and

- C(co1A2
2) = 0

(3.21)

(3.22)

Fig. 1 Variation ^
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Introducing the variables A2o = (coi)1/2A2o andAio = (co2)1/2Aio
transforms Eq. (3.22) into

where
- p)2

p - o- sin7o/4(7(co2)1/2

(3.23a)

(3.23b)
Thus, long period orbits are given by a circle whose center is
(p,0) and radius p in the "Aw — A20 plane. The variation of
p with fj, is shown in Fig. 1. For a = 0 (coi — 2co2), p = 0, and
consequently there are no finite amplitude long period orbits
to second order.

The general long period orbits are described by a super-
position of both normal modes (i.e., AiQ ^ 0 and A20 ^ 0).
Periodicity is achieved through adjustment of the frequencies
of both modes via the nonlinear coupling which makes them
exactly commensurable. The frequencies of the two modes
are given by

& = wi[l - (L420
2/A10] = 2co2[l + 2CA10] = 2d>2 (3.24)

To determine the stability of these orbits, let

A! = 110 + AAi exp(s!Ti) (3.25)

A2 = A20 + A2 exp(s!Ti) (3.26)
7 = 7o + A7 exp(sT1) (3.27)

Substituting Eqs. (3.25-3.27) into Eqs. (3.12, 3.13, and 3.16),
and using Eqs. (3.21) and (3.22) give

= -2(co2)1/2CA20
2 sin7oA7 (3.28)

(3.29)

2 (3.30)

, AA2, and A7 from Eqs. (3.28-3.20)

(3.31)

(3.32a)

(3.32b)

Otherwise, it is unstable. The variation of X with pt is also
shown in Fig. 1.

= [a- — 4C(co2)1/2Aio

4C(co2)1/2l20

Elimination of
yields

s2 = 12C2co2(l10 - 2p/3)l20
2/A10

Thus, a periodic orbit is stable if

|A10| < 2|p|/3
or

|Aio| < 2X/3 = <T

Stability of Nonperiodic Motions

Let
(3.33a)
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UNSTABLE
E Q U I L I B R I U M -

P O I N T \ +F

ing to #(1) ; namely,

47438

Fig. 2 Topology of long period orbits.

Then, from Eq. (3.17),
AS = \Vl\ (£ ± l)/2o>2 (3.33b)

Eliminating 7 from Eqs. (3.13, 3.18, and 3.20), using Eqs.
(3.33), and rearranging give

£'2 = V£[F*(Q - G2(£)] (3.34a)
(3.34b)
(3.34c)

i| d= 1 (3.34d)
where the plus and minus signs in the parenthesis correspond
to positive and negative values of vi, respectively.

The functions F(£) and (r(£) are shown schematically in
Fig. 2. Since Az, and hence £, must be real, F2 > G2 must
hold. The points where G meets F correspond to the vanish-
ing of both AI and Azr. A curve such as Gz which meets both
branches of F, or meets one branch at two different points,
corresponds to a bounded aperiodic motion. Let the two
points of intersection be denoted by £1 and £2 where £2 > £1-
Since F2 — G2 is cubic in £, there is a third real root £3. In-
vestigation of Fig. 2 shows that £3 > £2- Hence,

~ £i)-(£2 - r)(£3 -

where = £1. Thus

(£2- £i)1/2(£3-

(3.35a)

(3.35b)
On the other hand, a curve such as G* which meets F at one
point only represents unbounded motion. However, the
points PI and P3 where G\ and Ga touch F (i.e., £2 = £1 or £3)
represent equilibrium (periodic orbits) because the relation-
ship F' = G' is equivalent to Eqs. (3.21) and (3.22). A point
such as PI corresponds to a stable periodic orbit, whereas a
point such as P3 corresponds to an unstable periodic orbit.

At jit = /x2, cr = 0, and hence, 6r(£) = constant. Thus, Fig.
2 shows that, in this case, G intersects F in one point only.
Consequently, to second order, all motions near L4 and L5 are
unstable for ju, = /X2, in agreement with the result of Markeev.5

IV. Method of Averaging

The solution of the nonlinear problem corresponding to the
Hamiltonian (2.5b) can be obtained starting from the linear
solution using the method of variation of parameters. If on
arid ft are allowed to be functions of time rather than con-
stants, then the form of the solution remains the same as the
linear solution (2.8). Substituting the linear solution into

gives
(4.1)

plus short period terms where C and 7 are given in Appendix
B. Then, at and ft satisfy Hamilton's equations correspond-

, ft - (4.2)
In order to determine an approximate second-order solution

for the motion of a particle near the equilateral libration
points, the long period behavior (slow time variation) only
needs to be investigated. Thus, we average Eqs. (4.2) over
T = 27r/co2 which is equivalent to neglecting the short period
terms in Eqs. (4.1) and (4.2). Thus,

S = - (4.3)

where 3 is the average of H(1\ Hence, the equations for
and ft become

QJl = 2(2)1/2CC01Q!11/2«2COS7

a2 = 4(2)^2(7co2ai1/2a2 cosy

ft == -(2)1/2Cai-1/2«2sin7

ft = -2(2)1/2(7o:i1/2 sin7

(4.4)

(4.5)

(4.6)
(4.7)

Since on = AS/2, Eqs. (4.4-4.7) are identical to Eqs. (3.12-
3.15). Thus, the results obtained by the method of averaging
are in full agreement with those obtained by the method of
multiple scales.

The constant of integration *>2 of Eq. (3.20) can be related
to the averaged Hamiltonian. To determine the relationship,
the explicit time dependence of H is removed first. A new
canonical set «»*, ft* is introduced via the generating function
S:

S = ai*((rt/ui + ft) + a2*ft (4.8)

Thus,

= ai* (4.9)

= «2* (4.10)
ft* = dS/dai* = <rt/(ai + ft (4.11)

ft* = 5S/da2* = ft (4.12)

Then, the transformed Hamiltonian K can be obtained from

K = H(a*,f3*) + dS(a*,/3*,0/e« (4.13)

and is given by

K = -2(2)1/2(7o:1*1/2a:2* snry + aaS/ui (4.14)

with 7 = a>ift* + 2a>2ft* + 0. Since on* — di = AS/2,
comparison of Eqs. (4.14) and (3.20) gives

K = *>2/wi (4.15)

V. Summary

Second-order expansions are presented for the motion of a
particle near the equilateral points in the restricted problem
of three bodies for values of ju near ju2 = 0.024295. The
analysis is carried out using both a method of averaging and
the method of multiple scales.9-10 It is found that the results
obtained by the aforementioned two methods are in full agree-
ment with each other.

For the previous range of jj, the linearized analysis1'2 predicts
stable solutions having two modes of oscillation with ampli-
tude independent frequencies coi and co2 (a = o?i — 2co2 ~ 0).
Moreover, it predicts that stable periodic orbits with either
frequency are possible. However, the nonlinear theory shows
that periodic orbits have in general amplitude dependent fre-
quencies. It predicts that short period orbits are unstable,
while long period orbits are stable for all A\ such that |.Ai| <
|o-|/12Cco2 where C is a known positive function of /x. In the
special case a = 0 (i.e., ju = ju2), there are no finite amplitude
long period orbits according to the present second-order non-
linear theory.
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If both Ai and A2 are different from zero, then long period
orbits are given by

[2(w2)1/2Ai - p]2 + coiA2
2 = p2 (5.1)

where

p = a sinmr/2/4C(co2)1/2, n = 1 and -1 (5.2)

It is found that these periodic orbits are stable only if

|Ai| < M/12C«2 (5.3)
If IJL is such that a ^ 0, Eq. (5.1) shows that for each |Ai| <

there corresponds only one value of \A2\, while for
each |A2| < |p|/(co2)1/2 there corresponds one or two values of
M.

The stability of nonperiodic motions is also investigated.
It is found that £( ^AJ) is given by

r = (5.4)
where A is a third-order polynomial in £. If /& has three real
roots such that £1 < £2 < £3, then the motion is aperiodic and
£ oscillates between £1 and £2. The special case £2 = £3 cor-
responds to unstable periodic orbits, whereas the case £1 = £2
corresponds to stable periodic orbits. On the other hand, if
h has only one real root, then the motion is unstable.

It should be mentioned that our results are not valid out-
side the interval /x* < IJL < /Z. Below pi*, long period orbits
terminate on a short period, orbit travelled three times, rather
than two times as we assumed. Henrard16 has shown that
0.02070 < /x* < 0.02075. Above /Z, the motion is unstable
according to the linear theory as discussed in the introduction.

Appendix A

Pi; = ( — l)i+1en sinf + dn cosy + 2(co»aH + 62i)A/ —
2coia2tAi/V (Al)

Pii = (— I)i+le2t sinf + dii cosf + 2co;a2;A/ +
2coi(c*62i + aiJAifa' (A2)

QH = eit cosf + (— iydu sinf + 2a2tA/ +
2a>i(c*aii + 62OAi/V (A3)

Q2; = 62; cosf + (— lydzi sinf — 2 (an + co;&2i)A/ +
2a>i2a2iAift' (A4)

- 6(3)1/2ai2a22 - 33wa22
2 + 33622

2]^2
2/32 (A5)

— 3(3)1/2(a2ian + a22an) —
33w(a21a22 + M22)]AM2/16 (A6)

= [-3(3)1/2ai2
2 - 66^ai2a22 - 9(3)1/2a22

2

9(3)1/2(a21a22 + 621622) ]AiA2

!̂  + 33W?22]A2
2/16

[3(3)1'2(a12621 - an622)

= -[33W>22 + 9(3)1/2a22622]A2
2/16

ai262i - an622) + 18(3)1/2(a2262i - a2i622)

(A7)

(A8)
(A9)

iA2/16
(A10)
(All)

iA2/32
(A12)

U = 1 - 2jJL

au = ki(ui2 + 9/4) /c*

ci2i = —kirj/oti

(A13)
(A14)

(A15)

(A16)

Appendix B

C = (d2 + ft2)1/2 (Bl)
7 - f + 0, tan<£ = Ci/C2 (B2)

64(7i = 33w622
2an — 66wai262i622 — 33wana22

2 — 66i/ai2a2ia22 +
21wanai22 + 9(3)1/2a2i622

2 - 18(3) 1/2a22W22 - 3(3)1/2a2ia22
2 -

6(3)1/2aiiai2022 - 3(3) u*au*an (B3)
64C2 =

9(3) 1/2M22 -
9(3)1/2a22

262i - 3 (3)u*ai<?b2i (B4)
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